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Abstract: In this paper,we will discuss eventual stability of difference equations systems and
extend it to the so-called eventual ¢y- stability of difference equations systems.given some cri-
teria and results. Our technique depends on Liapunov’s direct method,cone-valued Liapunov’s
function method and comparison technique. (MSC)-34D20.
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1 Introduction

The qualitative theory has been considerable interest in studying and improving emphasis stability of
difference equations systems(see[2, 3, 8—12].Lakshmikantham and Leela[7] initiated the method of cone
and cone- valued Liapunov function.

Recently,¢g-stability has been discussed in comparison differential systems, and some criteria were
given(see[1]). We can refer to the paper of El-Shiekh et al[4, 5],Soliman[9], and Wang et al[10].

Our purpose in this paper is to discuss eventual stability and extend it to eventual ¢g- stability for
difference equations systems which lie somewhere between eventual stability on one side and ¢g- stability
of [10]on the othere side via cone-valued Liapunov function method that was studied in[1]and used in[10].

The paper is organized as follows.In section one,we introduce some preliminary, definitions and nota-
tions which will be used in this paper.In section two,we discuss the notion of eventual stability of difference
systems using Liaponuv’s second method.In Section three we extend eventual stability to eventual ¢g- stabil-
ity of difference systems using cone- valued Liapunov function method.In section four,we discuss eventual
¢o- stability using comparison technique with the comparison difference system.

Let R™ be the m-dimensional Euclidean real space,.J = [ng, o), and R = [0, 00).

Consider systems of difference equations

z(n+1) = f(n,z(n)), ne N*, (1.1)

where f € C[NT x R™ R™]| is continuous functions in z(n),z(n) € R™, and Z is the set of integers
f(n,0) =0forn € Z,and
Nt ={n:neZn>0},

so that the system (1.1) always has the zero solution z(n) = 0 . Thus for any given ng € N there is a
unique solution of (1.1) denoted by x(n) = z(n, ng, zo) such that it satisfied (1.1) for all integer n > nyg
and

x(ng, ng, o) = 9, for n > ng.
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The contiuity of f implies the continuity of any solutions of (1.1).

The following definitions will be needed.

Definition 1.1[3]. A function b(r) belongs to the class K if b(r) € C[(0, p), R],5(0) = 0 and b(r) is
strictly monotone increasing in r.

Definition 1.2[1]. A proper subset K C R™ is called a cone if (I)\K C K,A >0, (ii))K + K C
K, (ii))K =K, (iv)K°#0, (v)KN(—K)=0,where K and K° denote the closure and interior
of K respectively, and 0K denotes the boundary of K,z € 0K <= y—x =0 forsome y &€ Kj,Ko=
K —0.

The order relation on "™ induced by the cone K is defined as follows.

Let x,y € K then

r<gy<—=y—zeKand z<goy<—=y—xc K°

The set K* is called the adjoint cone if K* = {¢ € R™ : (¢,z) > 0}, forz € K, satisfies the
properties (i) — (v) of definition 1.2.

Definition 1.3[1].A function g : D — R D C R™ is called quasimonotone relative to the cone
K, If z,y € D and y — x € OK, then there exists ¢ € K} such that (¢o,y — ) = 0 and

(00, 9(y) — g(x)) > 0.
Let K be a cone of ™. Define

Sy={ze R z|<p p>0h
and V(n,z) € C[NT x S,, K|; we define AV (n, z) as follows :

AV(n,z)qy =Vn+1,z(n+1)) - V(n,z(n))
=V(n+1, f(n,x)) — V(n,z(n))

Consider the comparison difference system
u(n +1) = G(n,u(n)), u(ng) = up, (1.2)

where G € [N x K, R™],u(n) = u(n,no, ug) is a solution of (1.2) for (ng, ug). For V(n,u) € C[NT x
S,, K1; the definition of the difference operator AV (n, u) is defined as follows :

AV (n,u) \(1.2) =V(n+1lun+1)) —V(n,un))
=V(n+1,G(n,u)) — V(n,u(n))

As in [10], the scalar product of a, b is define as

n
(a,b) = > aibi for a,becR™
i=1
Definition 1.4 [10]. The zero solution of (1.1) is said to be ¢g-stable if for each € > 0,79 € N, there
exists positive function d(ng, €) > 0 that is continuous in ng, such that for ¢g € K
(¢o, x*(n,no, zp)) <€, for n >nyg.

provided (¢, z9) < 0.
Where z* here and in this paper denote the maximal solution of (1.1) relative to the cone K C ™.
The following definitions are some what new and related with that of [10].
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Definition 1.5. The zero solution of (1.1)is said to be eventually stable if for each ¢ > 0,n9 € N,
there exists positive function n(ng,€) > 0, and d(ng,€) > 0 that is continuous in ng, such that

|| z(n,no,x0) ||<e€, for n>mng>n.

provided that || ¢ [|< 6.

Definition 1.6. The zero solution of (1.1)is said to be eventually ¢q-stable if for each e > 0,79 € N,
there exist positive functions 7(ng,e) > 0, and J(ng,e) > 0 that is continuous in ng, such that for
oo € Kg

(¢o, x™(n,no,z0)) <€, for n>ng.
provided that (¢g, z9) < 4.

Definition 1.7. The zero solution of (1.2) is said to be eventually asymptotically ¢g-stable if it is ¢g-
stable and for each € > 0,ng € NT, and T' = T'(ny, €) such that

(o, z0) < d = (¢, 2" (n,no,x0)) <€, for n>n+T(ng,e).

If it is uniformly eventually asymptotically ¢g-stable, § and 7T are independent of ng.

2 Eventual stability

In this section,we will discuss and obtain some results of eventual stability of the difference system
(1.1)using Liapunov direct method.

Theorem 2.1.Assume that there exist functions V(n,z) € C[Nt x S,, K],and G € [Nt x S,, ®™]
such that V' (n,0) = 0, G(n,0) = 0 satisfying the conditions

A1) al z(n,no,xo) |< V(n,x), ack,

As) AV(n,z) <0,

As)  f(n,z) isLipschitzianin .
Then the zero solution of (1.1) is eventually stable

Proof.From the continuity of V' (n,z) and V(n,0) = 0, thus given a;(¢) > 0,8) € N, there exists
d(no, €) > 0 such that

|| X0 ||< o1 :>H V(no,l‘o) H< al(e) 2.1

From the condition (As),we get

| Vi(n,z)) = V(no,zo) |

=|V(n,z) = V(n—1zn—1)+V(n—1,2(n—1))
—Vin-=2,2(n—-2))+V(n—2,2(n—2)) + ...
+V(ng+1,2(no+ 1)) — V(no, zo) ||

=AVin—1,z(n—-1))+ AV(n—2,z(n —2)) + ...
+ AV (ng + 1,2(ng + 1)) — AV (ng, zo)

j=n—1

— Z AV (j,z(5)) <O0.

Jj=no

Then,we have
V(n,z) < V(no, xo). (2.2)

From the condition (A1), and (2.2) we have
a| z(n) [|< V(ng,xo) <ale), ac€k, (2.3)
provided that || zo ||<J, for n>ng>n, n>0.1ie,

| o [|< d(ng,€) =| z(n) ||<e, for n>ng>n, n>0. (2.4)
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Then the zero solution of (1.1)is eventually stable.

Theorem 2.2.Assume that there exist functions V(n,z) € C[NT x S,, K], and G € [NT x K,R™|
such that V'(n,0) = 0, G(n,0) = 0 satisfying the conditions (A1), (A2), (As) of Theorem 2.1 and

Ay) AV(n,z) <b(|| z*(n,no,xz0) ||), bEK
Then the zero solution of (1.1)is uniformly eventually stable.

Proof.From Theorem 2.1,the zero solution of (1.1) is eventually stable.The conditions (A1),and (Ay4)
yield
a(ll z(n) [|) < V(n,z) < V(ng,20) <b(|| zo [[);, a,beX

Choosing 6 = b~!(a(¢)) indepenrent of ng,we have

a([[ z(n) |[) < V(n,x) < V(no,x0)
< bl(¢o,  20)] < b(8) = b(b~"(a(e))) = ale).

Thus
| zo |[< d(e) = z(n) [|[<€e, n>mny>n. (2.5)

Then the zero solution of (1.1)is uniformly eventually stable.

Theorem 2.3.Assume that there exist functions V' (n,z) € C[NT x S,, K],and G € [NT x K, R™]
such that V' (n,0) = 0, G(n,0) = 0 satisfying the conditions (A1), (A43), (A4) and
As) AV(n,z) < —c[V(n,z)], ceKk,
Then the zero solution of (1.1)is eventually asymptotically stable.

Proof.The condition(As)implies the condition (As) of Theorem 2.1,thus by Theorem 2.1,the zero solu-
tion of (1.1)is eventually stable.
From the condition(As5),we get

[ V(n+1az(n+1)) = V(no,xo) |

=|V(n+1Lzn+1)+V(nzn) —Vin,zn))
+V(in—-1,z(n—-1)-V(n—-1z(n—-1))+
+V(ng+1,2(no + 1)) — V(no, zo) ||

:z_:AV],

:no

j=n
<= V()
j=no
Thus B
Vin+1,z(n+1)) Z | < V(ng, o) (2.6)

Jj=no

From the condition (A7),and (2.6) as n — oo,we have
Jj=00
> el () 1) < Vno, xo)-
j=no+1
Goingthrough in [10],and using the property of the convergence of the progression yield
clx(4j)] =0, as j—o0, ceK,
which implies that || z(j) |[— 0, as j — oc.

Then the zero solution of (1.1)is eventually asymptotically stable.
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Theorem 2.4.Assume that there exist functions V(n,z) € C[NT x S,, K],and G € [NT x K, R™]
such that V'(n,0) = 0, G(n,0) = 0 satisfying the conditions (A1), (A3), (A4) of Theorem 2.1 and

Ag) (0, AV (n,x)) < —c[(¢o, 2" (n, no, 20))], c €K,
Then the zero solution of (1.1)is uniformly eventually asymptotically stable

Proof.The condition(As) implies the condition(As),therefore the conditions of Theorem 2.1 are all sat-
isfied,and the zero solution of (1.1) is eventually stable,i,e. for each € > 0,there exist d(no, €), 7(no, €) such
that

| zo [[<d(e) =|lz|[<e, m>ng>n

To prove rest of the proof,it must be show that for each € > 0, there exist §(€),« and T'(¢) € N such that
|lzll<e, n>nog+T(e),n>ng, for | zo|<a.

Now, we choose
T=F+ng 2.7

where £ = % and F denotes the maximal integer of the number E.For (¢0,7)) < a,then there must exist
any € [no,no + T such that

| z(n, no, zo) ||< 9.

Suppose that this is not true,thus for n € [ng, ng + 7'],we have

| z(n, no, zo) |2 6,

and thus
(¢0, AV (n,x)) < —c[(do, z"(n))] < —c(d),
therefore
§=T
I VT + 1,2(T + 1)) = V(no,wo) | = D e[V (j,x())]
J=no

< —c(6)(T = no),
and from(2.7), we get

V(T+1,z(T+1)) <
< b(|| o [) = ¢(O)(T = no)

V(ng, o) — c¢(6)(T — nop)
b(
< b(6) - ¢(8)E < 0,
This contradicts the condition (A1). Thus there exists ny € [ng, ng + 7 such that
| z(n1, no, zo) || <6,
and from the uniform eventual stability of the zero solution of (1.1), we have

| z0) |< 6(€) =l x(n,no,20) [< €, n=mno+T(e).

Then the zero solution of (1.1)is uniformly eventually asymptotically stable.

3 Eventual ¢, -stability

In this section,we will discuss and obtain some results of eventual ¢g- stability of the difference system
(1.1)using cone-valued Liapunov function method of[7].

Theorem 3.1.Assume that there exist functions V(n,z) € C[NT x S,, K],and G € [NT x K, R™]
such that V' (n,0) = 0, G(n,0) = 0 satisfying the conditions

Hy) al(¢o,2%(n,no,20))] < (¢, V(n,z)), a€Kk,

IJNS homepage:http://www.nonlinearscience.org.uk/



96 International Journal of Nonlinear Science,Vol.3(2007),No.2,pp. 91-102

H2) (¢07AV(n,x)) <0,
Hs) f(n,x) is quasimonotone in x relative to K.
Then the zero solution of (1.1) is eventually ¢q -stable

Proof.From the continuity of V(n,z) and V(n,0) = 0,and given a;(e) > 0,89 € N7 there exists
d(no, €) > 0 such that

| zo ||< 01 =] V(no,x0) ||< a1(e). (3.1

For ¢g € Kj,thus

I do [l wo [I<[l @0 Il 01 =1l ¢o [l V(no, zo) <]l ¢0 [l a1(e). 3.2)

Now,for
(00, 2z0) <l ¢o [l zo |l (D0, V(ro,zo)) <|| ¢o Il V(ro,zo) |

and xg, V' (no, zo) € K,we have

(0,20) >0 and (g0, V(n0,70)) >0,

it follows that
(po,20) <0 = (o, V(no, o)) < ale), (3.3)

where § =|| ¢o || 01, a(e) =|| ¢o || a1(€).From the condition(Hs),we get

(¢0, V(n,z)) — (0, V(no, o))

= (¢0,V(n,z)) — (¢0,V(n —1,z(n —1))) + (¢0, V(n — 1,z(n — 1)))
— (¢0, V(n —2,2(n - 2))) + (¢, V(n — 2,2(n — 2))) + ...
+ (¢0, V(no + 1, 2(no + 1))) — (o, V(no, z0))

= (¢o, AV (n —1,2(n —1))) + (¢, AV (n — 2,2(n — 2))) + ...
+ (¢o, AV (no + 1,2(ng + 1)) — (¢0, AV (no, z0))

j=n—1

= 3" (60, AV (.2 (4)) <.

Jj=no

Then,we have
(90, V(n,z)) < (¢0,V(no,z0)). (3.4)
From the condition (H;), (3.3), and (3.4) we have

al(¢o, z(n))] < (¢o, V(no,z0)) < ale), a€k, (3.5)
provided that (¢g, z9) < d, for n>ng>n, n>0.ie,
(¢0,x0) < d(no,€) = (¢o,x(n)) <€, for n>ng>n, n>0. (3.6)

Then the zero solution of (1.1) is eventually ¢g-stable.

Theorem 3.2.Assume that there exist functions V(n,z) € C[NT x S,, K], and G € [NT x K,R™|
such that V'(n,0) = 0, G(n,0) = 0 satisfying the conditions (H1, (Hz2, (H3) of Theorem 3.1 and

H4) (qbo,AV(TL,CC)) < b[(¢07x*(n’n07$0))]7 be kK.
Then the zero solution of (1.1)is uniformly eventually ¢ -stable.

Proof. From Theorem 2.1, the zero solution of (1.1) is eventually ¢ -stable. The conditions (H;), and
(H4) yleld

al(¢o, z(n))] < (¢o, V(n,z)) < (¢0, V(n0,z0)) < b[(¢0,70)], a,beX
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Choosing 6 = b~!(a(¢)) indepenrent of ng, we have

al(¢o,z(n))] < (¢o, V(n,z))
< (¢, V(no,z0))
< bl(¢o,,z0)]

< b(0)

=b(b~"(a(e))) = a(e).

Thus
(o, z0) < d(€) = (d0,x(n)) < €,n >ng > n,n > 0. (3.7)

Then the zero solution of (1.1)is uniformly eventually ¢ -stable.

Theorem 3.3. Assume that there exist functions V(n,z) € C[N* x S,,K],and G € [NT x K, R™]
such that V' (n,0) = 0, G(n,0) = 0 satisfying the conditions (H1, (Hs), (H,) and

H5) (¢07 AV(n,x)) < *C[(Qf)o, V(TL,SU))], ce ICa
Then the zero solution of (1.1)is eventually asymptotically ¢g equistable.

Proof. The condition (Hg) implies the condition (H3) of Theorem 3.1, thus by Theorem 3.1, the zero
solution of (1.1) is ¢¢ -equistable. From the condition (Hj), we get

(60, V(n+1,z(n+1))) = (do, V(no, z0))
= (¢0, V(n+1,z(n+1))) + (¢, V(n,z(n))) — (¢0, V(n,z(n)))
+ (¢0,V(n—1,2(n—1))) — (¢0,V(n — L,z(n—1))) + ...
+ (¢o, V(no + 1, z(no + 1))) — (0, V(no, x0))

Z 0, AV (5, 2(5)))

Z (60, V (G, 2(5))-

Thus B
(60, V(n +1,2(n +1))) Z (60, V(j,2(5))) < (¢0, V (no, o)) (3.8)

From the condition (H1), and (3.8) as j — oo, we have

Jj=00

> (@0 2(5)) < (¢o,V(no,x0))-

j=no+1
Samilarly as goingthrough in Theorem 2.3,we have
c[(¢0,2(j)) = 0= (do,z(j)) = 0, as j—o0,cek, ¢ ek
Then the zero solution of (1.1)is eventually asymptotically ¢g -stable.

Theorem 3.4. Assume that there exist functions V(n,z) € C[Nt x S,, K], and G € [N x K, R™|
such that V'(n,0) = 0, G(n,0) = 0 satisfying the conditions (H1, (Hs), (H4) of Theorem 3.1 and

HG) <¢0,AV(H .73)) _C[(¢07 (nv TLO,Z'()))], cE IC?
Then the zero solution of (1.1)is uniformly eventually asymptotically ¢q -stable.

Proof.The condition (Hg) implies the condition(H>), therefore the conditions of
Theorem 3.1 are all satisfied, then the zero solution of (1.1) is eventually ¢q- stable, i,e. for each ¢ > 0,
there exist d(€) such that

(¢0,0) < 6(e) = (¢o,2"(n,n0,70)) <€, N >ng>"n
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To complete the proof, it must be shown that for each € > 0, there exist §(¢),« and T'(¢) € N such that
(¢o, ™ (n,no,z0)) <€, n>ng+T(e),n>ng, for (¢Po,x0)) < a. 3.9
For (¢g, z0)) < a, then there must exist an n; € [ng, ng + 7' such that
(¢o, 2" (n1,no, T0)) < 4.
Suppose that this is not true,thus for n € [ng, ng + 7, we have
(¢0, 2" (n, o, 20)) = 6,

and thus
(¢07 AV(”?'%.)) S _C[<¢07x*(n))] S _6(5)7
Therefore by (2.7), we get

1,€.

(00, V(T + 1,2(T + 1))) < V(no, zo) — c(0)(T — no)
< b[(¢o, z0)] — c(6)(T" — no)
< b(3) — (o) [igéﬂ <0,

This contradicts the condition (H; ). Thus there exists ny € [ng, ng + T'] such that
(¢o,x*(n1,n0,x0)) < 9,
and from the uniform eventual ¢g-stability of the zero solution of (1.1), we have
(¢o,x0)) < d(€) = (Po, x™(n,np, z0)) < €.

Then the zero solution of (1.1) is uniformly eventually asymptotically ¢g-stable.

4 Comparison Theorems

In this section,we will discuss and obtain some results of eventual ¢- stability of the difference system
(1.1) and will compare it with difference system (1.2).

The following result without proof will be used in the sequel

Lemma 4.1[10] If there exists a function V(n,z) € C[NT x S,, K] such that the function along the
solution of (1.1) satisfies

(00, V(T + 1,2(T 4+ 1))) < (¢0,G(n,V(n,z(n)))), forsome ¢y K; 4.1)
where G € C[NT x K, R™|, and G(n,u) is quasimonotone increasing in u relative to K, then

(¢0, V(no,20)) < (¢0,u0) = (¢0, V(n,z(n))) < (¢, u(n)).

Theorem 4.1. Assume that there exist functions V(n,z) € C[Nt x S,, K], and G € [NT x K, R"™]
such that V(n,0) = 0, G(n,0) = 0, G is quasimonotone increasing in w relative to K satisfying the condi-
tions
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Hy)  (¢o, V(T + 1,2(T +1))) < (¢o

Hy) H(dosa(n))] < (6o, V(na(n) < alf
Thus

1)  If the zero solution of (1.2) is uniformly eventually ¢ -stable, so is the zero solution of (1.1).
2)  If the zero solution of (1.2) is uniformly eventually asymptotically ¢g-stable, so is the zero solution
of (1.1).

G(n,V(n,z(n)))), forsome ¢g e K.
a[¢07 ( )]? avbelc7

Proof. (1) Since the zero solution of (1.2)is uniformly eventually ¢ -stable, for given b(e¢) > 0,0 <
€ < p,ng € N7, there exists §; = d1(e) > 0 such that

(Po,up) < 6 = (¢po,u(n)) <ble) for n>mng>n,n>0 4.2)

By choosing a[(¢o, z0)] = (¢o, uo), we have
(¢0,V(n,z(n)) < al(¢o, z0)] = (¢o, o),
thus from the condition (H7) and using Lemma 4.1,we get
(¢0,V(n,z(n)) < (¢o,uo).-
For § > 0 such that a(d) = J;,we have
(¢0,20) <0, and (¢o,u0) = a[(¢o, z0)] < a(d) =01
are hold.Thus from(4.2) and the condition (Hg),
(¢0, z(n))) < (¢0, V(n,x(n))) < (do,u(n)) <ble), for bek,

provided that (¢g, ug) < d.That is

(¢o,u0) < d = (¢o,x(n))) <e for n>mny>n,n>0.

Then the zero sulion of (1.1) is uniformly eventually ¢ -stable.
(2) Since the zero solution of (1.2) is uniformly eventually asymptotically ¢q -stable,the zero solution of
(1.2) is uniformly eventually ¢ -stable and for given € > 0 there exist o1 > 0,7'(¢) > 0 such that

(¢o,u0) < 01 = (Po,u(n))) < b(e) forall n>ng+T(e).

Then, in part (1) we can find a positive number o > 0 satisfying

(¢0,70) <o, and (¢o,uo) = a[(¢o,0)]

are hold,it follows that
(¢o,u0) < o = (¢o,n(n))) <e forall n >ng+T(e). 4.3)

Suppose that this is not true,there exists a divergent sequence nj,n; > ng + 7,and a solution z(n, ng, o)
of the system (1.1) such that for (¢, xg) = €. From Lemma 4.1,we get the following contradiction

b(€) < (¢, V(n,z(n))) < (¢o,u(n)) < ble).

Thus(4.3)holds. Therefore the zero solution of (1.1) is uniformly eventually asymptotically ¢ -stable.

Theorem 4.2.Suppose that the conditions of Theorem 4.1 satisfy unless the condition (Hg) is replaced
by
Ho) b(]| 2(n) ) < (¢0, V(n,z(n)) < all z(n) [[), a,bek,

Thus
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(3) If the zero solution of (1.2) is uniformly eventually ¢o— stable, the zero solution of (1.1) is uniformly
eventually stable.

(4) If the zero solution of (1.2) is uniformly eventually asymptotically ¢q -stable, the zero solution of
(1.1) is uniformly eventually asymptotically stable.

Proof. (3) Since the zero solution of (1.2) is uniformly eventually ¢, -stable,for any ¢ > 0,there exits
7,01 > 0 independent of ng such that

(¢o,up) < & = (do,u(n)) < b(e) for n>ng+T(e).

By choosing af

).we have from the condition (Hy)

(¢0, V(no, z0) < a([| ¢ [|) = (¢o, uo),

thus
(¢01 V(?’Lo,.ibo)) < (¢07 u0)>

From Lemma 4.1,we get
(¢0’ V(’I’L, IE(’I’L)) < (QSO? UO)-
For § > 0 such that a(d) = d;,we have

| zo [[< 9, and (¢o,uo) = a[(¢o,uo)] < 01,

thus we get the following contradiction

b([| z(n) [) < (¢0, V(n,2(n))) < (do,u(n)) < ble), for bek,

therefore
| zo ||[< 0 = z(n)||[<e for n>mng>n,n>0.

Then the zero sulion of (1.1) is uniformly eventually stable.

(4) Since the zero solution of (1.2) is uniformly eventually asymptotically ¢ -stable,the zero solution
of (1.2) is uniformly eventually ¢ -stable and for given ¢ > 0 there exists o1 > 0,7'(¢) > 0 that are
independent of ng such that

((ﬁo,Uo) <01 = (¢0,u(n))) < b(e) forall n > ng+ T(e).

Then, as in the part (3),for all n > ng + T'(e), we can find a positive number o > 0 satisfying a(o) < oy. It
follows that
| zo ||< o= z(n)|<e forall n>mng+T(e). (4.4)

Suppose that this is not true,there exists a divergent sequence nj,n; > ng + T,and a solution x(n, ng, o)
of the system (1.1) such that
2o [[< o= z(n)|=e

From Lemma 4.1,we get the following contradiction

b(€) < (¢, V(n,z(n))) < (o, u(n)) < ble).

Thus(4.4)holds,therefore the zero solution of (1.1)is uniformly eventually asymptotically stable.

5 Example

Consider the following system[10]

z1(n+1) = a1x1 + agxy + alzie™ + alrie™ + alajal.xy.zo.€ (x1+"”2).} 5.0)

To(n + 1) = byxy + bowg + biate™ + biale™ + bibh.xy.wpe” T1H72),
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we choose

Thus we can choose
Gi(n, Vi, Vo) = anr | 1 | +ar2 | 22 |,

and
Ga(n, Vi, Vo) = ag1 | z1 | +age | 2 |

it follows that

AV < Gy(n, V1, Va),
AVy < Ga(n, Vi, Va). } (52)
Therefore we choose
ur(n+1) =an | u | +ar2 | uz |, } 53
ug(n+1) =ag | uy | +age |us | .

Supposing that a;2  and ag; are nonnegative.So they are not true. Thus G(n,u) contradicts the quasi-
monotone nondecreasing condition in u = (uq, ug) relative to R
Let there exist two numbers 7, £ such that

6.4

n?ag + nage > naii + ars.
agy + Eage > Eary + ara.

By choosing the cone K € §R%r defined by
K={uce S‘Ei Eug < uy < nua}.

The boundaries of this cone are u; = nueo, and ug = £u2.0n the first boundary u; = nuq,we take
1 1 Ul

%:(_5’1)’ So (—6,1)(1“7?):0

and .
u
(—5, 1)(&11U1 + alzﬁ.amul) >0, for u 75 0.

This reduces to the first condition of(5.4).Similarly,we can get the same result for the second condition
of(5.4). Thus the comparison system(5.3) is quasi-monotone relative to the cone K,Then using Theorem
4.2 eventual ¢g-stability of the system(5.3)implies eventual stability of the system(5.1).
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